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The problem of a bubbling reac to r ,  in which gas and liquid are  mixed by the passage of 
bubbles of gas through a liquid layer ,  is d iscussed.  We give the resu l t s  of a numerica l  
solution of the sy s t em of equations describing the p roces se s  occur r ing  in the r eac to r  in 
the case  where there  are  no chemical  react ions ,  and also in the case  where chemical  
react ions  take place at constant t empera tu re .  

The bubbles are formed by gas jets which issue from special  nozzles mounted in the bottom of the r e -  
actor .  The gas jet issuing f rom the nozzle breaks  up into separate  bubbles, which r i se  under the action of 
buoyancy forces .  The bubbling p rocess  was investigated experimental ly in [1-3]. 

For  the total diffusion flux f rom a bubble the formula  [4] 

is usually used.  Here I is the total diffusion flux, A is a constant which is experimental ly  determined,  D is 
the diffusion coefficient,  ui is the speed of ascent  of the bubble, l is the charac te r i s t i c  dimension of the 
bubble, and c o is the saturat ion concentrat ion.  

The values usually used for smal l  (undeformed) bubbles are A = f ~ / 3 ,  l = 2a ,where a is the bubble 
radius .  It has been establ ished that the speed of ascent  of a bubble depends significantly on the Reynolds 
number  u l a / u  , where u is the kinematic viscosi ty  of the liquid. 

1. We consider  the problem of solution of gas bubbles in a liquid. Let  h be the depth of the layer  of 
liquid in the r eac to r  and u 1 the speed of ascent  of the bubble; the x axis is directed upward along the r eac to r  
axis.  

We assume that e 1 - the concentrat ion of dissolved substance in the bubble - is sinai1, the bubbles are 
all of the same size and do not break  up into smaI Ie r  bubbles nor  unite to form l a rge r  ones.  The speed of 
ascent of the bubbles will then be constant [4]. We assume that the Dalton and Henry laws hold for a bubble. 
Then the concentrat ion of dissolved substance at the gas- l iquid interface and c I will be connected by the r e -  
lationship c2 ~ = r  where ~b is a constant,  and c2 ~ is the saturat ion concentrat ion.  

Let t be the t ime, ~ be the specific mass  t r ans fe r  coefficient for unit volume of the mixture (which 
depends on the number  of bubbles per  unit volume of the mixture,  their  size, etc.), a n d e  2 be the concent ra-  
tion of dissolved substance in the liquid. The p rocess  occur r ing  in the r eac to r  can be descr ibed by the fol-  
lowing sys tem of equations: 

0cl 0cl Oe~ D O~c~ 
-gi + ~1 ~ = - -  ~ ( ~ i - -  ~), y f  - -  ~ ~ = ~ (~ci--  ~) (1.1) 

with initial and boundary conditions 
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e 1 (z, 0) - -0 ,  c~ (x, o) = o, cl (0, t) = el~ (1.2) 
[oc~/ox]x=0= o, [oc2/az]~=z = 0 

Here  D 2 i s  the  t u r b u l e n t  d i f fus ion  coe f f i c i e n t ,  and c l  ~ i s  the  i n i t i a l  c o n c e n t r a t i o n  of  d i s s o l v e d  s u b s t a n c e  
in  the  bubble  [5-8] .  

We a s s u m e  tha t  the  m e d i u m  c o n s i s t s  of a l iqu id  and d i s c r e t e  b u b b l e s .  No d i f fus ion  t a k e s  p l a c e  b e -  
tween  the b u b b l e s .  The  f i r s t  equa t ion  of  s y s t e m  (1.1), which  d e s c r i b e s  the  change  in  c o n c e n t r a t i o n  e l ,  c o n -  
t a i n s  only  a c o n v e c t i v e  t e r m  (ul i s  the  s p e e d  of the  bubb le  r e l a t i v e  to the  l i qu id ) .  The s e c o n d  equa t ion  of  
s y s t e m  (1.1) c o r r e s p o n d s  to  the  d i f fus ion  p r o c e s s  ( there  i s  no c o n v e c t i v e  t e r m ,  the  l iqu id  i s  s t a t i o n a r y ,  
D2D2c2/0x 2 i s  t he  d i f fu s ion  t e r m ) .  

The t e r m s  on the  r i g h t  s i d e  of the  equa t i ons  of  s y s t e m s  (1.1) a r e  the  s o u r c e  i n t e n s i t i e s ,  wh ich  a r e  
p r o p o r t i o n a l  to the  d i f f e r e n c e  in s a t u r a t i o n  c o n c e n t r a t i o n  at  the  bubb le  b o u n d a r y  and the  c o n c e n t r a t i o n  of  
d i s s o l v e d  s u b s t a n c e  in the  l i qu id .  

We i n t r o d u c e  new func t ions  and d i m e n s i o n l e s s  v a r i a b l e s  

- T~I$ ~ c i  ca 

S y s t e m  (1.1) and cond i t i ons  (1.2) in  d i m e n s i o n l e s s  v a r i a b l e s  t ake  the  f o r m  

-3T  + ~ x  = - -  ~: (kz, - -  v)  o t  o :  - -  T O,u - -  ~') (1.3) 

u(z, 0)=0,  v ( z ,  0)=0,  u(0, t ) = l  
(1.4) 

av 

The s t r o k e s  above  the  v a r i a b l e s  t ,  x ,  and  D2, as  in a l l  tha t  follows, a r e  o m i t t e d .  

He re  D2, T,  )L a r e  d i m e n s i o n l e s s  c o e f f i c i e n t s ,  c o r r e s p o n d i n g  to the  d i f fu s ion  c oe f f i c i e n t ,  m a s s  t r a n s -  
f e r  coe f f i c i en t ,  and H e n r y  c o n s t a n t .  

S y s t e m  (1.3) wi th  cond i t i ons  (1.4) w a s  s o l v e d  n u m e r i c a l l y  on an e l e c t r o n i c  d i g i t a l  c o m p u t e r .  

The s y s t e m  of equa t ions  (1.3) w a s  r e p l a c e d  b y  d i f f e r e n c e  e q u a t i o n s .  

In  the  s e m i s t r i p  xE [0, 1], t >_ 0, a r e c t a n g u l a r  ne t  x = jAx,  t = iAt  (j = 0, 1, 2 . . . . .  n; i = 0, 1 . . . .  } 
w a s  c o n s t r u c t e d .  

S ince  at  the  i n i t i a l  i n s t a n t  the  b o u n d a r y  and i n i t i a l  c ond i t i ons  a r e  i n c o n s i s t e n t ,  t h e r e  wi l l  be  a s o l u t i o n  
in  the  f o r m  of  a j u m p  of  c o n c e n t r a t i o n  u.  

The p o s i t i o n  of the  j u m p  is  g iven  by the  c h a r a c t e r i s t i c  of the  f i r s t  equa t ion  of s y s t e m  (1.3). The  
equa t ion  of  the  c h a r a c t e r i s t i c  i s  x - t = 0. Hence ,  fo r  the  s o l u t i o n  of  the  f i r s t  equa t ion  of s y s t e m  (1.3) we 
c h o s e  all e x p l i c i t  t h r e e - p o i n t  s c h e m e  ( c o r n e r ) ,  s t a b l e  at  r = A t / A x  -< 1 and hav ing  f i r s t  o r d e r  of a c c u r a c y .  
H e r e  we u s e d  the  " th rough"  count  m e t h o d .  On the  r i g h t  of  the  d i f f e r e n c e  equa t ion  u i s  t a k e n  on the u p p e r  
l a y e r  to avo id  a " s u r g e , "  wh ich  i s  p h y s i c a l l y  u n r e a l .  
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The second  equa t ion  of s y s t e m  (1.3) was  a p p r o x i m a t e d  by a "weighted" s i x - p o i n t  s c h e m e .  In i t i a l ly ,  
owing to the i n c o n s i s t e n c y  of the b o u n d a r y  cond i t ions ,  we r e g a r d e d  the  weight  0 as un i ty  and used  two-  
point  a p p r o x i m a t i o n s  of the b o u n d a r y  cond i t ions ,  bu t  s u b s e q u e n t l y ,  a f t e r  c a l c u l a t i on  of the f i r s t  q l a y e r s  in  
t ime ,  we a s s u m e d  0 equal  to a hal f  and took m o r e  a c c u r a t e  t h r e e - p o i n t  app rox ima t ions  of the b o u n d a r y  c o n -  
d i t i ons .  

When  the  c o n c e n t r a t i o n  (u) f ron t  r e a c h e d  x = 1, we u s e d  an abso lu t e ly  s t ab le  f o u r - p o i n t  s c h e m e ,  with 
second  o r d e r  of a c c u r a c y  [9-11], to ca l cu l a t e  the f i r s t  equa t ion  of the s y s t e m .  

The c a l c u l a t i o n s  w e r e  p e r f o r m e d  for  four  c o m b i n a t i o n s  of va lues  of the p a r a m e t e r s  D2, T ,  and X, v iz . ,  

1 (10, t.5, 0.5), 2 (t0, 1.5, 0.75), 3 (1, t.5, 0.5), 4 (i0, t.0, 0.5) , 

The s t ep s  fo r  the v a r i a b l e s  w e r e  t aken  as Ax = At  = 0.02. A f u r t h e r  r e d u c t i o n  of the s t e p s  had p r a c -  
t i c a l l y  no effect  on the r e s u l t s .  

We give the va lues  of u and v in  r e l a t i o n  to x for  t = 0.8 and in  r e l a t i o n  to t for  x = 0.5 for the f i r s t  
v a r i a n t  

t = 0 . 8  
x=O 0.40 0.78 0.80 t.0 
u = t.O00 000 0.788 520 0.609 078 O. 049 353 0.047 9il 
v=0.t39946 0.i38143 0.t34628 0.134443 0.133651 

x =0.5 
it = 0 0.40 i .0 2.0 3.0 
u=O.O00000 0.007077 0.769043 0.903137 0.938426 

= 0.000 000 0.040 614 0.193 069 0.377 327 0.446 037 

The d i s t r i b u t i o n s  of the d i m e n s i o n l e s s  c o n c e n t r a t i o n s  u and v o v e r  the l eng th  of the r e a c t o r  a re  shown 
in  F i g .  1 for  four  v a r i a n t s  at t i m e  t = 0.8. C u r v e s  1, 2, 3, 4 show the d i s t r i b u t i o n  of u;  the c u r v e s  with the 
dashed  n u m b e r s  give the d i s t r i b u t i o n  of v.  

The d i s t r i b u t i o n s  of u and v for  four  v a r i a n t s  in  the r e a c t o r  c r o s s  s e c t i on  x = 0.5 in  r e l a t i o n  to t i m e  
a r e  i l l u s t r a t e d  in  F ig .  2. C u r v e s  1, 2, 3, 4 show the  d i s t r i b u t i o n  of u;  the c u r v e s  with the dashed  n u m b e r s  
give the  d i s t r i b u t i o n  of v .  

2. We c o n s i d e r  the case  where  a s u b s t a n c e  d i s s o l v e d  f r o m  the gas bubble  r e a c t s  with a s u b s t a n c e  
p r e s e n t  in  the l iqu id .  We a s s u m e ,  as be fo re ,  tha t  the Dal ton  and Henry  laws hold.  We r e g a r d  the p r o c e s s  
as i s o t h e r m i c .  We denote  the c o n c e n t r a t i o n  of s u b s t a n c e  in the l iqu id  which r e a c t s  with the s u b s t a n c e  d i s -  

so lved  f r o m  the bubb le s  by c3, the r a t e  cons t an t  of the c h e m i c a l  r e a c t i o n  by k, the s t o i c h i o m e t r i c  coe f f i -  
c i en t  by  v ,  the exponen t s  c h a r a c t e r i z i n g  the o r d e r  of the r e a c t i o n  by a 1 and a ~, and the coef f ic ien t  of 
t u r b u l e n t  d i f fus ion  of the s u b s t a n c e  r e a c t i n g  with the s u b s t a n c e  d i s s o l v e d  f r o m  the  gas bubble  by D 3 [12, 13]. 

Thus ,  in  the ca se  of bubb l ing  with a c h e m i c a l  r e a c t i o n  an equa t ion  for  e 3 has  to be added to the s y s t e m  
a a 

(1.1), and a t e r m  kc I lc 2 2, ob ta ined  f r o m  the laws of c h e m i c a l  k i n e t i c s ,  has to be added to the r igh t  s ide  of 
the  s econd  equa t ion  of s y s t e m  (1.1). 

We have to w r i t e  the c o r r e s p o n d i n g  b o u n d a r y  and in i t i a l  cond i t ions  fo r  c 3. 

The s y s t e m  of equa t ions  in th is  ca se  in  d i m e n s i o n l e s s  v a r i a b l e s  wi l l  have the f o r m  

Ou Ou 

OY , ~ y  - -  k V  at - -  D~-~-~x~ = ~; ( ~ u  - -  v )  w ~' 

0~ 0~w (2.1) 
--/)3 ~ = -- vk~ ~ wa~ 

The i n i t i a l  cond i t ions  a re  

and the b o u n d a r y  cond i t i ons  

u (z, O) = 0 v (x, O) = O, ~, (z, O) = wo (2.2) 

u (0, t)  = 1, [OrlOn]x= o = O, [Ov/O~]~=_i = 0 

[Ow/O~]~= o = 0 [Ow/Ox]~=l  = 0 (2.3) 
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Here  D 2 and D 3 a re  d i m e n s i o n l e s s  d i f fus ion  coef f i c ien t s ;  k, 9J, and 7t 
a re  d i m e n s i o n l e s s  coef f ic ien ts  c o r r e s p o n d i n g  to the r a t e  cons t an t  of the 
c h e m i c a l  r e a c t i on ,  the m a s s  t r a n s f e r  coef f ic ien t ,  and the Henry  c ons t an t ;  

= e 3 / c l ~  

A d i f f e rence  s c h e m e  [14] was  used  to so lve  s y s t e m  (2.1) with cond i -  
t ions  (2.2) and (2.3). 

In the s e m i s t r i p  xE [0, 1], t --- 0, a m a i n  r e c t a n g u l a r  ne t  x = jAx, t = 
iAt,  and an a ux i l i a r y  net  x = jAx, t = �89 (j = 0, 1, 2 . . . . .  n; i = 0, 1 . . . .  ) 
we re  c o n s t r u c t e d .  

The f i r s t  equat ion  of s y s t e m  (2.1) was so lved  in  exac t ly  the s a m e  way 
as (1.3). 

Since the b o u n d a r y  condi t ions  a re  i n c o n s i s t e n t ,  we u s e d  a two-po in t  
app rox ima t i on  of the bounda ry  condi t ions  for  the f i r s t  q l a y e r s  and then  a 
m o r e  accu ra t e  t h r e e - p o i n t  app rox ima t ion  for  subsequen t  l a y e r s .  

We took equal  s t eps  for  the t ime  and space  v a r i a b l e s  to avoid 
" s m e a r i n g "  of the c o n c e n t r a t i o n  f ron t  (u). The ca l cu l a t i ons  w e r e  p e r -  
f o r m e d  fo r  At  and Ax e q u a l  to 0.02. To check the a c c u r a c y  we ca l cu l a t ed  
some  v a r i a n t s  wi th  s t eps  At  = Ax = 0.01, and a s and a 2 taken  as un i ty  
which c o r r e s p o n d s  to a s e c o n d - o r d e r  r e a c t i o n .  

Some v a r i a n t s  we re  ca l cu l a t ed  by i t e r a t i o n  s c h e m e s  [11]. These  
ca l cu l a t i ons  gave r e s u l t s  which  w e r e  p r a c t i c a l l y  the s a m e  as the c a l c u l a -  
t ions  by the s c h e m e  of [14], but  the i t e r a t i o n  s c h e m e s  r e q u i r e d  m o r e  
m a c h i n e  t i m e .  

The c a l c u l a t i o n s  w e r e  p e r f o r m e d  for  two c o m b i n a t i o n s  of va lues  of the p a r a m e t e r s  k, ~ ,  ~t, D2, and 
D3, v iz . ,  

(10, 1.5, 0.8, 10, 10), ~ (t00, t.5, o.s, 10, t0) 

We give the va lues  of u, v, and w in  r e l a t i o n  to x for  t = 0.2 and in r e l a t i o n  to t fo r  x = 0.4 for  the 
f i r s t  va r i an t :  

t-~0.2 
x = 0  0.18 0.20 t.0 
u=t.000000 0.661378 0.001397 0.000739 
v ~-0.0i8382 0.0i7198 0.016816 0.0it 214 
w=0.494980 0.494996 0.495015 0.495282 

x=0 .4  
t = 0  0.4 1.0 2.0 
u~0.000000 0.008216 0.670496 0.756894 
~=0.000000 0.041978 0.133630 0.343744 
w~0.500000 0.468916 0.282363 0.028475 

The d i s t r i b u t i o n s  of the d i m e n s i o n l e s s  c o n c e n t r a t i o n s  u, v, and w in  r e l a t i o n  to x for  t = 0.2 a re  
shown for  two v a r i a n t s  in  F ig .  3. C u r v e s  1, 2, and 3 show the d i s t r i b u t i o n s  of u, v, and w, r e s p e c t i v e l y ,  for  
the f i r s t  v a r i a n t ;  the c u r v e s  for  the second  v a r i a n t  a re  denoted  by dashed  n u m b e r s .  F i g u r e  4 shows the 
d i s t r i b u t i o n  c u r v e s  of u, v, and w in  r e l a t i o n  to t i m e  for  x = 0.4. 

C u r v e s  1, 2, and 3 show the d i s t r i b u t i o n s  of u, v, and w, r e s p e c t i v e l y ,  fo r  the f i r s t  v a r i a n t ;  the c u r v e s  
for  the second  v a r i a n t  a r e  denoted  by dashed  n u m b e r s .  

The au thors  thank L. A. Chudov for  advice and i n t e r e s t  in  the work .  
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